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PRODUCTS OF SYLOW SUBGROUPS
IN SUZUKI AND REE GROUPS
ANDREI SMOLENSKY
Abstract. An explicit and elementary proof is given to the fact that Suzuki
and Ree groups can be decomposed into the product of 4 of their Sylow p-
subgroups, where p is the defining characterictic.
The problem of factorizing a finite simple group of Lie type into the product of
its Sylow p-subgroups, where p is the defining characteristic, has recently got some
attention. For example, in [BNP08] it is claimed that each of them is a product
of 5 Sylow subgroups, and in [LP01] an estimate of 13 factors is given for groups
other than 2F4, and of 25 for the latter. It has been used, for example, in [KLN06]
and [GL14].
In [VSS12] a simple proof is given to the fact that Chevalley groups of normal
types admit the factorization of length 4, and so do twisted groups of types 2A2n+1,
2
Dn,
3
D4 and
2
E6. The proof is based on Tavgen rank reduction theorem [Tav90,
Tav92], which doesn’t care about the base ring at all, and the decomposition of
SL2, which can be carried over any ring of stable rank 1. A slightly more technical
case of 2A2n is elaborated in [Smo13] by explicitly factorizing the group of type
2
A2.
In the present note we analyze the remaining cases of so-called very twisted
groups, namely Suzuki group 2C2, small Ree group
2
G2 and large Ree group
2
F4.
Together with the previously known results they give the following
Theorem. Every finite simple group of Lie type in characteristic p is a product of
4 of its Sylow p-subgroups.
1. Suzuki group and large Ree group
In what follows Suzuki group is considered as a subgroup of symplectic group
over a field F = Fq, q = 2
2m+1, pointwise invariant under the action of the excep-
tional automorphism. The symplectic group is defined as a subgroup of GL(4, F ),
preservinig a symplectic form with the matrix (δi,−j)i,j=1...−1. Here, as usual, we
number the set of indices as 1, 2,−2,−1.
We also define elementary symplectic transvections Tij(ξ), i 6= j, ξ ∈ F of two
types as follows:
Tij(ξ) = T−j,−i(ξ) = e+ ξeij + ξe−j,−i, i 6= ±j
Ti,−i(ξ) = e+ ξei,−i,
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They are called respectively short and long elementary root unipotents, according
to their identification with the elementary root unipotents in the sense of Chevalley
groups, namely
T1,2(ξ) = xα(ξ), T2,−2(ξ) = xβ(ξ),
T1,−2(ξ) = xα+β(ξ), T1,−1(ξ) = x2α+β(ξ),
where {α, β, α+ β, 2α+ β} are positive roots of C2.
Denote θ = 2m, so that q = 2θ2, and consider the automorphism t 7→ tθ of F .
It allows to define the exceptional automorphism of Sp(4, F ), corresponding to the
symmetry α 7→ α of its Dynkin diagram, as follows
σ : xα (ξ) 7−→ xα
(
ξλ(α)θ
)
, where λ(β) =
{
1 if β is short,
2 if β is long.
We define Suzuki group as Sz(q) = 2C2
(
22m+1
)
= {g ∈ Sp(4, F ) | σ(g) = g}.
This definition is hardly suitable for computations, as it doesn’t exhibit any
equations on the matrix entries, except for those coming from the symplectic group.
Fortunately, Suzuki group inherits Bruhat decomposition Sz(q) =
⊔
BwU , where
w runs over its Weyl group. It can be taken as the definition.
Define x+(t, u) = xα(t
θ)xβ(t)xα+β(t
θ+1 + u)x2α+β(u
2θ) for any t, u ∈ F . They
are exactly the elements of U+(C2, F ), stable under the action of σ. The subgroup
U = {x+(t, u) | t, u ∈ F} is a Sylow 2-subgroup of Sz(q). As matrices
x+(t, u) =


1 tθ u t2θ+1 + tθu+ u2θ
1 t tθ+1 + u
1 tθ
1

 .
The elements of the torus, stable under σ, are of the form
h(ε) = diag
(
ε, ε2θ−1, ε1−2θ, ε−1
)
.
Writing T = {h(ε) | ε ∈ F ∗} for the torus, we denote by B = UT a Borel subgroup.
The elements of the torus normalizer N take one of the following two forms:
h(ε) =


ε
ε2θ−1
ε1−2θ
ε−1

 ,
h(ε)w =


ε
ε2θ−1
ε1−2θ
ε−1

 , where w =


1
1
1
1

 .
Bruhat decomposition states that Sz(q) = BNU , or that every element g ∈ Sz(q)
can be uniquely decomposed into one of the following two products:
g = x+(t1, u1)h(ε)wx+(t2, u2), g = x+(t, u)h(ε).
Now we define x−(t, u) = wx+(t, u)w and U
− = {x−(t, u) | t, u ∈ F}. The
subgroup U− = wU is again 2-Sylow.
Lemma 1. Sz(q) = UU−UU−.
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Proof. In view of Bruhat decomposition it is sufficient to show that Tw ⊂ UU−U
and T ⊂ UU−UU−.
For the first one fix an element ε ∈ F ∗ and consider h(ε)w. Write
x−
(
ε1−2θ, 0
)
x+
(
0, εθ
)
=


1 0 εθ ε
εθ−1 1 ε2θ−1
ε−θ ε1−2θ
ε−1

 = x+ (ε2θ−1, 0) h(ε)w.
The decomposition for the torus is suggested by the decomposition of the torus in
SL(2, R): (
ε 0
0 ε−1
)
=
(
1 −1
0 1
)(
1 0
1− ε 1
)(
1 ε−1
0 1
)(
1 0
ε(ε− 1) 1
)
.
Consider the following product (note the entry in the upper left corner):
g1 = x+ (0, 1) · x−
(
1, 1 + εθ
)
=


ε εθ 0 1
ε+ εθ εθ 1 1
εθ 1 1 0
1 + ε+ εθ 1 + εθ 1 1

 ,
g2 = g1 · x+
(
ε1−2θ, ε−θ
)
=
=


ε 0 0 0
ε+ εθ ε2θ−1 0 0
εθ 1 + ε2θ−1 ε1−2θ 0
1 + ε+ εθ 1 + εθ−1 + ε2θ−1 ε−θ + ε1−2θ ε−1

 .
One may even not bother himself with computing the entries of g2 below the diago-
nal and just note that g2 is of the form h(ε)x−(t, u) for some t, u ∈ F , as required.
In fact t = ε2θ−1(1 + ε2θ−1) and u = ε+ εθ + ε2θ. 
The large Ree group is considered as a subgroup of the Chevalley groupG(F4,Fq),
q = 22m+1, defined by the exceptional symmetry of its Dynkin diagram in the same
way as Suzuki group. It is not a rank 1 group, so we simply refer to the Tavgen
theorem (which works also for very twisted groups), reducing the question to the
already known cases of groups of types A1 and
2
C2, thus giving
Corollary. 2F4
(
22m+1
)
= UU−UU−.
2. Small Ree group
I’m now trying to convince my students that they shouldn’t multiply
two 3-by-3 matrices by hand: just like multiplying two multidigit
numbers, it doesn’t make any sense.
N. Vavilov at PhML-2014
We work with small Ree group as a subgroup of G(G2, F ) for a field F = Fq,
q = 32m+1 = 3θ2. G(G2, F ) is considered in its 7-dimensional representation,
and the elementary generators are chosen as follows (the basis is numbered as
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1, 2, 3, 0,−3,−2,−1):
sh
o
rt


xα(ξ) = e + ξ(e12 − e30 + 2e0,−3 − e−2,−1)− ξ
2e3,−3,
xα+β(ξ) = e+ ξ(e13 + e20 − 2e0,−2 − e−3,−1)− ξ
2e2,−2,
x2α+β(ξ) = e+ ξ(−e10 + e2,−3 − e3,−2 + 2e0,−1)− ξ
2e1,−1,
x−α(ξ) = e+ ξ(e21 − 2e03 + e−3,0 − e−1,−2)− ξ
2e−3,3,
x−α−β(ξ) = e+ ξ(e31 + 2e02 − e−2,0 − e−1,−3)− ξ
2e−2,2,
x−2α−β(ξ) = e+ ξ(−2e01 + e−3,2 − e−2,3 + e−1,0)− ξ
2e−1,1,
lo
n
g


xβ(ξ) = e+ ξ(−e23 + e−3,−2) = x−β(ξ)
t,
x3α+β(ξ) = e+ ξ(e1,−3 − e3,−1) = x−3α+β(ξ)
t,
x3α+2β(ξ) = e+ ξ(−e1,−2 + e2,−1) = x−3α−2β(ξ)
t.
This particular choice of the signs of the structure constants coincides with one in
[Car89, Section 12.4], thus allowing to define an automorphism of G(G2, F ) by
σ : xα (ξ) 7−→ xα
(
ξλ(α)θ
)
, where λ(β) =
{
1, if β is short,
3, if β is long.
Small Ree group 2G2
(
32m+1
)
is then defined as the subgroup of points fixed by σ.
Elements of U+(G2, F ) fixed by σ are of the form
x+(t, u, v) = x1(t)x2(u)x3(v), where t, u, v ∈ F and
x1(t) = xα
(
tθ
)
xβ (t) xα+β
(
tθ+1
)
x2α+β
(
t2θ+1
)
,
x2(u) = xα+β
(
uθ
)
x3α+β (u) ,
x3(v) = x2α+β
(
vθ
)
x3α+2β (v) .
U+ = σU+(G2, F ) is a Sylow 3-subgroup
2
G2
(
32m+1
)
.
The invariant elements of the torus are of the form h(ε) = hα (ε)hβ
(
ε3θ
)
. Denote
by w = (wα(1)wβ(1))
3
a lift of the longest element of W (G2). It lies in
2
G2 and
represents the nontrivial element of its Weyl group. As matrices
h (ε) = diag
(
ε, ε3θ−1, ε2−3θ, 1, ε3θ−2, ε1−3θ, ε−1
)
, w =


−1
. .
.
−1

 .
Bruhat decomposition states that every element g of small Ree group can be written
uniquely in one of the two forms
g = x+(t1, u1, v1)h(ε)wx+(t2, u2, v2), g = x+(t, u, v)h(ε).
Lemma 2. 2G2
(
32m+1
)
= UU−UU−.
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Proof. First consider h(ε)w for some ε ∈ F ∗. Any element of F = F3θ2 is either a
square or a minus square. If ε = λ2, write
x−
(
−λ3−6θ, 0, λ−3θ
)
x+
(
0, 0, λ3θ
)
=
=


1 0 0 −λ 0 −λ3θ −λ2
λ3θ−2 1 0 −λ3θ−1 λ −λ6θ−2 0
−λ1−3θ −λ3−6θ 1 λ2−3θ −λ4−6θ 0 0
−λ−1 0 λ3θ−2 −1 0 0 0
−λ3θ−3 −λ−1 −λ6θ−4 0 0 0 0
λ−3θ −λ2−6θ 0 0 0 0 0
−λ−2 0 0 0 0 0 0


=
= x+
(
λ6θ−3, 0,−λ3θ
)
h
(
λ2
)
w.
If ε = −λ2, write
x−
(
−λ3−6θ,−λ3θ−3, λ−3θ
)
x+
(
λ6θ−3, 0, 0
)
=
=


1 λ2−3θ 0 0 λ3−3θ −λ3θ λ2
λ3θ−2 −1 −λ6θ−3 λ3θ−1 −λ −λ6θ−2 0
0 −λ3−6θ −1 λ2−3θ λ4−6θ 0 0
0 λ1−3θ −λ3θ−2 −1 0 0 0
λ3θ−3 −λ−1 λ6θ−4 0 0 0 0
−λ−3θ −λ2−6θ 0 0 0 0 0
λ−2 0 0 0 0 0 0


=
= x+
(
λ6θ−3, λ3−3θ, λ3θ
)
h
(
−λ2
)
w.
Now consider an element h(ε), ε ∈ F ∗. Again, if ε = λ2, let
g1 = x+ (0, 1, 0) x−
(
0, 1, λ3θ
)
=
=


λ2 λ3θ 0 λ 0 0 −1
−λ3θ 0 −λ 0 0 −1 0
λ2 λ3θ + λ 0 λ −1 0 −1
λ3θ + λ 0 λ −1 0 1 0
λ2 λ3θ −1 λ 0 0 −1
λ3θ − λ −1 λ 1 0 1 0
−1− λ2 −λ3θ − λ 1 −λ 1 0 1


.
Multiplication by x+
(
−λ3−6θ,−λ3θ−3,−λ−3θ
)
on the right eliminates all the en-
tries above the diagonal, which gives
g1 · x+
(
−λ3−6θ,−λ3θ−3,−λ−3θ
)
=
= h
(
λ2
)
x−
(
λ6θ−3,−λ3−3θ(1 + λ3−3θ), λ3θ + λ
)
.
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If ε = −λ2, put
g1 = x+ (−1,−1, 1) x−
(
1, 0, λ3θ
)
=
=


−λ2 −λ3θ 0 −λ 0 0 1
λ2 − λ3θ λ3θ −λ λ 0 −1 −1
−λ2 − λ3θ −λ− λ3θ −λ −λ 1 −1 1
λ− λ3θ λ −λ −1 −1 −1 0
−λ− λ3θ λ 1− λ 1 −1 −1 0
−λ2 − λ− λ3θ λ− λ3θ − 1 −1− λ 1− λ −1 −1 1
1 + λ3θ − λ2 −λ3θ − 1 1 + λ −λ 0 1 1


.
A straightforward calculation shows that
g1 · x+
(
−λ3−6θ,−λ3θ−3,−λ−3θ
)
= h
(
−λ2
)
x− (u, v, uv) ,
where u = λ6θ−3
(
λ6θ−3 − 1
)
and v = −u3θ+1. 
Addendum
Immediately after the publication of the present paper another paper [GLMS15]
appeared, containing a proof of the same result as out main Theorem. The proof
goes along the same line, with the following difference:
• The rank reduction is very similar to that of Tavgen [Tav90, Tav92], but
reduced directly to the groups of rank 1 rather than the subgroups of sub-
maximal rank.
• The analysis of rank 1 groups consists of two steps. The first is Lemma 5,
which shows that the factorisation of length 4 exists when every lift of
the nontrivial element of the Weyl group to the torus normalizer can be
decomposed into the product of three unitriangular factors.
• The second is deducing the existence of that decomposition from the result
of Proposition 4.1 of [CEG00]. The latter is proved case-by-case, and the
computation is essentially the same as in our Lemmas 1 and 2.
It is now clear that the shortest and simplest proof would be the following: 1) Tavgen
rank reduction theorem; 2) Lemma 5 of [GLMS15]; 3) the part of Lemmas 1 and
2 dealing with the lift of the nontrivial element of the Weyl group, and the same
proof for A1 and
2
A2.
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